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Abstract 
A closed 2-cell embedding of a graph embedded in some surface is an embedding such that 
each face is bounded by a circuit in the graph. The strong embedding conjecture says that every 
2-connected graph has a closed 2-cell embedding in some surface. A graph is called k cross-cap 
embeddable if it can be embedded in the non-orientable surface of k cross-caps. In this paper, we 
prove that every 2-connected 4 cross-cap embeddable graph G has a closed 2-cell embedding in
some surface. As a corollary, G has a cycle double cover, i.e., G has a set of circuits containing 
every edge exactly twice. 
1. Introduction 
The strong embedding (called circular embedding in [9]) conjecture says that every 
2-connected graph has a closed 2-cell embedding in some surface, that is, an embed- 
ding in a closed compact 2-manifold in which the boundary of each face is a circuit in 
the graph. 
The cycle double cover conjecture says that every 2-edge-connected graph has 
a cycle double cover, i.e., a set of circuits in the graph such that each edge is contained 
in exactly two of these circuits. Clearly the existence of a closed 2-cell embedding of 
a 2-connected graph implies the existence of a cycle double cover of that graph simply 
by choosing all face boundaries as circuits. 
It is well known that the sphere embedding of any 2-connected planar graph is 
a closed 2-cell embedding. Negami [8-1, and independently Robertson and Vitray 1-10], 
showed that every 2-connected projective planar graph has a closed 2-cell embedding, 
either in the sphere or in the projective plane. Richter et al. [9] proved that every 
3-connected planar graph has a closed 2-cell embedding in some surface other than 
the sphere; also they characterized those planar graphs which have this property. 
Zhang [15,1 proved that every 2-connected graph, without K5 as a minor, has a closed 
2-cell embedding in some surface. Robertson and Zha [11] have shown that every 
2-connected graph, without V8 (the 4-runged 'M6bius ladder', or an 8-circuit with 
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each pair of antipodal vertices joined by an edge) as a minor, has a closed 2-cell 
embedding in some surface. For a cubic graph, the existence of a cycle double cover is 
equivalent to the existence of a closed 2-cell embedding. Hence, every cubic graph 
which has a cycle double cover also has a closed 2-cell embedding. For example, 
Alspach and Zhang [1] proved that a 2-connected cubic graph, without he Petersen 
graph as a minor, has a cycle double cover. In [14], we have shown that every 
2-connected doubly toroidal graph has a closed 2-cell embedding in some surface. It is 
our purpose in this paper to show that every 2-connected graph, which can be 
embedded in the sphere with 4 cross-caps, has a closed 2-cell embedding in some 
surface. Hence all graphs whose Euler characteristic is at least - 2, have closed 2-cell 
embeddings in some surfaces. 
A weaker conjecture (which also implies the cycle double cover conjecture) is the 
edge-strong embedding (called the unitary embedding in [5]) conjecture. An edge-strong 
embedding is defined to be an embedding such that on the facial walk of each face, 
there are no repeated edges (repeated vertices are allowed). A graph G is an evenly 
spanned graph if it has a spanning subgraph H such that every vertex of H has even 
degree in H, and every component of H has an even number of vertices, each of which 
has odd degree in G. Archdeacon [2] proved that every evenly spanned graph has an 
edge-strong embedding in an orientable surface. A graph is called k cross-cap embedd- 
able if it can be embedded in the non-orientable surface of the sphere with k cross- 
caps. Huneke et al. [5] proved that any 2-edge-connected graph which is 3 cross-cap 
embeddable has an edge-strong embedding in some surface. 
This paper is arranged as follows. In Section 2 we introduce some notation and 
operations. In Section 3, we state some topological properties of simple closed curves 
in the Klein bottle. In Section 4 we give some face chain arguments for general graph 
embeddings. In Section 5 we prove various lemmas to show the existence of good face 
chains in the surfaces of the projective plane and the Klein bottle. The main theorem is 
proved in Section 6. 
2. Notation and some operations 
Throughout, he Z denotes a surface and Nk a non-orientable surface of k cross- 
caps. A simple closed curve in Z is 2-sided if it is orientation preserving and 1-sided if it 
is orientation reversing. 
Let ~u be an embedding of a 2-connected graph G (loops are not allowed) in Z. We 
will identify the graph and the point-set of its image of the embedding. Denote by 
G(~) the graph G with the embedding ku. When faces of ~u are 2-cells, the embedding 
is called a cellular embedding. When faces of ~ are 2-cells, each bounded by a circuit in 
G, the embedding is called a closed 2-cell embedding. When ~ is a closed 2-cell 
embedding and the subgraph of G(~) bounding the faces incident with any vertex is 
a wheel with /> 3 spokes and a possibly subdivided rim, the embedding is called 
a wheel-neighborhood embedding. If ~ is an embedding of a graph G in a surface that is 
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not the sphere, then the representativity of 7" is defined to be p(7 j) = min { [F c~ G I: F is 
a non-contractible simple closed curve in 2;}. Robertson and Vitrary [10] have the 
following results: 
Proposition 2.1. An embedding 7" is a cellular embedding if and only if p(7") >~ 1 and 
G(7") is connected. 
Proposition 2.2. An embedding 7" is a closed 2-cell embedding if and only if p(7") >~ 2 
and G(7") is 2-connected. 
Proposition 2.3. An embedding 7" is a wheel-neighborhood embedding if and only if 
p(7") >~ 3 and G(7") is simple and 3-connected. 
Let G be a 2-connected graph. Then {vl, Vz} c V(G) is called a 2-vertex separation 
if G = G1 w G2, I V(G1)[, [ V(G2)] >/3 and G1 c~ G2 = {vl, v2 }. If G is 3-connected, then 
{vl,vz, v3} c V(G) is called a 3-vertex separation if G = G1uG2 and 
Glc~G2={vl,v2,  v3}. Let {Vl,V2, V3} be a 3-vertex separation of G with 
GI~G2 = {vl,v2, v3}. Add a new vertex x (y, respectively) and three new edges 
xv~,xvz,xv3 to G~ (yvl,yv2,yv3 to Gz respectively) to form a new graph G~ (G~). If 
neither the genus of G[ nor the genus of G~ (oriented or non-oriented, epending on 
the context) exceeds the genus of G, we say this 3-vertex separation is good. Note that 
a 3-separation {vl, vz, v3 } may not be good if G2 is just a 3-circuit hrough v~, v2 and v3. 
An edge e is said to be a monofacial edge of 7' if it belongs to the boundary of only 
one face of 7". A monofacial edge e is consistent if that edge is traversed twice in the 
same direction in the facial walk; otherwise, it is inconsistent (all monofacial edges in 
an orientable mbedding are inconsistent). Similarly, a vertex v is said to be a multiple 
vertex of a face f if it appears more than once in the facial walk of f If a multiple 
vertex appears in a facial walk only twice, it is called a double vertex. Let v be a double 
vertex of a face f Split v into two vertices v~ and v2 joined by a new edge e' = VlV2 
such that e' is a monofacial edge of f ' ,  where f '  is the new face obtained from f by 
splitting the vertex v. We define consistent and inconsistent double vertex v of 
f according to the consistency of e'. 
Denote by c3fthe boundary of a face f and f (=fw~f)  the closure of f Let j~ g be 
two faces. If?fc~gg # O, we say f and g are attached. If 7" is a closed 2-cell embedding, 
then 0J'c~g is a union of connected components, where each component is either 
a common edge, a path with internal vertices being divalent vertices of G, or 
a common vertex. Denote by ]lOfc~(?gl] the number of connected components of 
Of~g.  If [1 ~fc~Og 11 = k, we say the faces f and g have k attachments. 
Suppose 7" is a closed 2-cell embedding, and f, g are two attached faces of 7". Assign 
a local orientation to the facial walks of f and g. The directions of the two sides of 
each attachment of f and g will be either the same or opposite. For a chosen local 
orientation, the attachment is called consistent if the directions are the same and 
inconsistent if the directions are opposite. Let a and b be two attachments of f and ,q. 
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We say these two attachments are of the same type if they are both consistent or 
inconsistent under some local orientation, otherwise they are of different ype. Clearly, 
this definition is independent of the assignment of local orientation of the facial walks 
of f and g. 
Let x and y be two vertices of G. A face chain C = {fl,f2 .... ,f,} which joins x and 
y is a sequence of faces of ~ such that OfnOf+l 50,  for i = 1,2, ... ,n -1  and 
x~t3fl,yet3f~. A face chain is simple if, for i # j ,  t3f c~ t3fj 50  implies [i - j ]  = 1. Any 
face chain joining x and y contains a simple sub-face chain which also joins x and y. 
The following three operations are the same as in [14]. To make this paper 
self-contained, they will be stated here with some additional remarks. The rotation 
scheme notation (rotation projection) follows that used in Gross and Tucker [3]. 
Operations 2.1 and 2.2 can be found in [12]. The edge version of these three 
operations, which were used to obtain edge-strong embeddings, can be found in 
I-4, 5, 7]. As one might see in some later examples, it is much harder to apply these 
operations in non-orientable surfaces than in orientable surfaces. 
Operation 2.1. Let ~u be a cellular embedding of G in Z and e = xy be a consistent 
monofacial edge with facial walk xeyPlxeyP2. By viewing the local embedding as 
a rotation projection and placing an 'x'  on the edge e, we obtain an embedding ~u' in 
a surface X'. The facial walk xeyP1 xeyP2 in ~u is split into two facial walks xeyP1 and 
xeyP2 in ~, with all other facial walks unchanged, and the number of monofacial 
edges is decreased. Hence Z(,~') = Z(27) + 1. The edge e is no longer a monofacial 
edge in ~u'. Similarly, if v is a consistent double vertex of a face f (so that v appears 
in this facial walk twice), and ab.. .cd.. .a is the rotation of all edges at v 
with a, b, c, d e Of, we construct a new embedding ~' in a new surface ,~', by placing 
an '×'  on each edge from b to c in counterclockwise order. Again, the original facial 
walk is split into two facial walks, while all the other facial walks remain unchanged, 
and Z(X') = Z(X) + 1. Hence we obtain a new embedding of G with fewer double 
vertices. 
The change of rotation projection is shown in Fig. 1. A '  x' on an edge indicates that 
this edge is a twisted edge, that is, when tracing the facial walk, we should cross the 
edge from one side to the other side. If an edge has a '  x'  on it originally, after adding 
another 'x' ,  it becomes an ordinary edge. 
Fig. 1. 
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Remark. If a face f of t/, has more than one consistent monofacial edge (or double 
vertex, the same as follows), then after applying Operation 2.1 on one of these 
consistent monofacial edges, any other consistent monofacial edge either remains to 
be a consistent monofacial edge or no longer to be the monofacial edge in the new 
embedding. Therefore if a cellular embedding has no inconsistent monofacial edges 
(or double vertices) and other multiple vertices, it can be easily converted into a closed 
2-cell embedding by repeatedly applying Operation 2.1. 
The next operation is similar to the one above except hat the edge (vertex) is not 
monofacial (double). 
Operation 2.2. Let ~ be a cellular embedding of G in Z and f~, f2 be distinct faces of 
such that af~ n ~f2 # 0. Choose a connected component of afl n Of 2. If this attach- 
ment of f~ and f2 is an edge e or a path P, insert a cross-cap in the middle of e (or P); if 
this attachment is a vertex v, and ab. . .  cd. . .  a is the rotation of all edges at v with 
a, b e af~ and c, d e ~3f2, insert a cross-cap near v and let the edges b, ..., c pass through 
the cross-cap. We obtain an embedding ~ '  in a surface Z' with Z(,~') = X(Z) - 1. In 
the rotation projection, we put an 'x '  on each edge which passes through the 
cross-cap. The rotation scheme is similar to the one in Fig. 1. Note that Operations 2.1 
and 2.2 are mutually reverse. 
Operation 2.3. Let ~ be a closed 2-cell embedding of G in Z and x, y be two 
non-adjacent vertices of G. Let C = { f~, f2, .. . ,  f,} be a simple face chain joining 
x and y. For i=  1, . . . ,n - l ,  choose an attachment of f~ and f/+l, and apply 
Operation 2.2 to this attachment. Call this attachment as a passing attachment from 
f~ to f~+ 1. Draw a new edge xy through these cross-caps to obtain an embedding t/,, of 
G ÷ = Gvo{xy} in a new surface Z', where ~(Z') = Z(g) -n  + 1. The faces fl, ... , f ,  of 
have turned into two faces gl and g2 of ~' ,  while the other faces of ~ remain 
unchanged. The rotation scheme is shown in Fig. 2. The 'o' on the edge xy means an 
'x '  if the total number of Operation 2.2 is odd, or nothing otherwise. 
X X 
,; ( .,,", 
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Fig. 2. 
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Remark. (i) Notice that Operation 2.3 may create monofacial edges (double vertices) 
in the new facial walks in the resulting embedding as shown in Fig. 2(b). The faces 
f and f÷l  have three attachments, a,b, and c. If we choose a as the passing 
attachment from f to f÷ 1, then b is a connected component ofthe common boundary 
of two new faces, but c becomes an inconsistent monofacial edge of the dotted face. (ii) 
In general, if ~ is a closed 2-cell embedding and Operation 2.3 does not create 
inconsistent monofacial edges (double vertices), then either ~' is a closed 2-cell 
embedding, or ~P' contains ome consistent monofacial edges (double vertices), and 
therefore, by the remark after Operation 2.1, a closed 2-cell embedding ~" can be 
derived from ~v,. (iii) Assuming (ii) and if x and y are not on the boundary of the same 
face in ~, then the embedding obtained by contracting edge xy in ~' is also a closed 
2-cell embedding. 
3. Simple closed curves in the Klein bottle 
We need the following classification theorem of simple closed curves in the Klein 
bottle. 
Theorem 3.1. (Stillwell [13, p. 194]). Let the surface be the Klein bottle, then 
(1) there is only one homotopic lass of 2-sided non-separating simple closed curves, 
and any of them passes through each cross-cap an odd number of times; 
(2) there are only two homotopic lasses of 1-sided (and therefore non-separating) 
simple closed curves. Any two non-homotopic simple closed curves are homotopically 
disjoint and they pass through different cross-caps (see Fig. 3). 
Choose a presentation of the Klein bottle by removing two closed disks from 
a sphere, and identifying the antipotal points of each component (a cricle) of the 
boundary. Each of these two identified boundary components corresponds toa cross- 
cap. Since two homotopic simple closed 1-sided curves passing through the same 
cross-cap intersect each other, the following lemma is obvious. 
Fig. 3. 
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Fig. 4. 
Lemma 3.2. Let FI and F2 be two 1-sided simple closed curves in the above presentation 
of the Klein bottle. I f  F1 intersects ['2 only once, then FI and F2 pass through the same 
cross-cap as shown in Fig. 4. Furthermore, FI w F2 separates the surface into two parts, 
with one part homeomorphic to an open disk and the other part homeomorphic to an open 
disk containing a cross-cap. 
4. Dual circuits and face chains 
In this section we will discuss the face chain method which plays an essential role in 
our proof of the main theorem. Our purpose is to find a good face chain(s) and apply 
some operation(s) in Section 2 to derive a new closed 2-cell embedding from an old 
embedding. The way two faces in a face chain are attached is very important. Unlike 
the cases in orientable surfaces, two faces of an embedding in a non-orientable surface 
can be attached in a very complicated way. Hence we need to develop some general 
method to discuss the attachments of two faces in an embedding in some general 
surface. 
Let 7 j be an embedding of G in a surface z~ with p(~P)/> 2, and f, g be two faces of 
G(~) which have at least two attachments. Let a, b be two attachments of f and g. Put 
two vertices f *  and g* in the faces f and g, respectively, and draw two lines la and 
lb through a and b to join f *  and g*. The circuit Fab formed by l= and lb is called the 
dual circuit of f  and g through the attachments a and b. If both a and b are edges, then 
the dual circuit Fab is formed by two parallel edges in the ordinary surface dual of G. 
Let a and b be two attachments oftwo faces f and g. For any local orientation of the 
facial walks of f and g, the following is true: 
Lemma 4.1. Let T be a closed 2-cell embedding and f, g be two attached faces of T. 
Suppose that a and b are two attachments o f f  and g. Then the dual circuit Fab is 2-sided 
if and only if the attachments a and b are of the same type (i.e., both consistent or 
inconsistent). 
Proof. Since p(7 t) ~> 2, both face boundaries t3fand 8g are circuits in G. Suppose ~fis 
separated by a and b into two paths P1 and P2, and 9g is separated by a and b into two 
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(a) (b) 
Fig. 5. 
paths Q1 and Q2 (see Fig. 5). Since both f and g are homeomorphic to an open disk, 
the dual circuit F,b is homotopic to P1 u Q1, and the lemma follows immediately. [] 
Remark. Clearly the above lemma is independent of the choices of the local orienta- 
tions of dfand d9. 
Let Z be a non-orientable surface and ~P be a closed 2-cell embedding of G in 2;. 
Suppose C is a simple face chain joining two non-adjacent vertices x and y. Then 
under certain circumstances, we may apply Operation 2.3 to obtain a closed 2-cell 
embedding of G u {xy}, where xy is a new edge. Unfortunately, we are not able to deal 
with the general case, as the general case automatically implies the strong embedding 
conjecture by inducting on edges. 
Let C = {fl . . . . .  f,} be a simple face chain joining x and y. The attachments of
f -  1 and f and the attachments of f and f+ 1 may be mixed up on the face boundary 
of f .  If 0f is a disjoint union of two paths Pi and Pi+x such that 8f-1 n0f  c p~ and 
OfnOf+ l c Pi+ a, then we say Of- x c~Of and OfnOf+ x are separated on Of; otherwise 
they are alternated on Of. A simple face chain joining x and y is 9ood at 0J~n0f+ 1, if 
a passing attachment can be chosen so that the resulting embedding obtained by 
applying Operation 2.3 has no inconsistent monofacial edges (or double vertices) 
caused by any connected component of 0fn0f~÷ 1- A simple face chain joining two 
non-adjacent vertices is 9ood if it is good at Ofn Of+ 1, for i = 1, 2 . . . .  , n - 1. A closed 
2-cell embedding is called a 2-attachment closed 2-cell embedding if any two faces have 
at most two attachments. 
Example 4.2. Let C be a simple face chain in a 2-attachment closed 2-cell embedding. I f  
there exist three consecutive faces f _  1, fi, and f+ 1 such that 8fi-x nor  and 8finOf+ 1 
are alternated on Of, with the given positions of fi-2 and f+ 2 as shown in Fig. 6, then 
there does not exist a suitable choice of passing attachments from Ofi-x nor  and 
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Fig. 6. 
~S~n~S~+ ~ for us to apply Operation 2.3 to obtain an embedding without inconsistent 
monofacial edges (double vertices). Hence such a face chain is not good. 
Lemma 4.3. Let tP be a closed 2-cell embedding of G in some surface and 
C = {fl . . . .  , f,} be a simple face chain in ~P joining two non-adjacent vertices. For 
a f ixed i, 1 <~ i <~ n - 1, if all the attachments of fi and fi+ 1 are of the same type, then C is 
good at c~JinaJi+ 1. 
Proof. Assign local orientations to ~f~ and 3J~+ 1such that all attachments of f~ and 
f~+ 1 are consistent. Choose any of these attachments a the passing attachment to 
apply Operation 2.3. After passing the cross-cap, the facial walks of the resulting 
embedding will keep the same orientation along t3J/+ ~ as they have with ~j(. Therefore 
all the other attachments between J~ and J~+ 1 are either common boundaries of two 
resulting faces, or consistent monofacial edges (double vertices) of a face(s) of the 
resulting embedding. The lemma is true. [] 
Since all attachments of two attached faces in a closed 2-cell embedding in an 
orientable surface are of the same type, the following corollary is obvious. 
Corollary 4.4. Any simple face chain in a closed 2-cell embedding in an orientable 
surface is good. 
Lemma 4.5. Let ~P be a 2-attachment closed 2-cell embedding of G in some surface, and 
C = (fl . . . . .  f,} be a simple face chain in ~Pjoining two non-adjacent vertices. I f for each 
i, i = 2, 3 . . . . .  n - 1, 8fl- 1 nafi and ~finaf~+ 1 are separated on ~fi, then C is a good face 
chain. 
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Proof. Let J and J+ 1 be two consecutive faces in the face chain C. Assume we have 
already chosen all the passing attachments from f~ to f~+ 1, for s = 1, 2, . . . ,  i -1 .  If 
j and J+ 1 only have one attachment, hen this attachment must be the passing 
attachment and C is good at 0fn0J+ ~. Hence we assume that J and f~+~ have two 
attachments, say a and b. 
If a and b are of the same type of attachment, then by Lemma 4.3, C is good at 
0 in  0J+I. Therefore we may assume that a and b are of different types. Assign a local 
orientation to 0J such that the directed path from a to b does not contain Of_ x n Of. 
Assign a local orientation to Of+ 1 such that the orientations of Of and Of+ 1 are 
consistent on a, and therefore inconsistent on b. The circuit Of+ 1 is separated by a and 
b into two disjoint paths. According to the orientation of 0f~+ 1, call the path on Of+ 1 
from a to b by Pab(0f+l) and the path on 0f+l from b to a by Pba(Of÷l). By our 
assumption, all the attachments of f+ l  and f/+2 are either on Pab(0f+l) or on 
Pba(Of+ 1). If Of+ 1 n0f/+ z are on Pab(0f/+ 1), then choose b as the passing attachment; 
otherwise choose a as the passing attachment. It is easy to see that C is good at 
0 fn0f+l .  Since for each i, 0f_ln0f/ and OfnOfi+l are separated on Of, we can 
continue the above argument for each i. Thus Lemma 4.5 is true. [] 
If an embedding is a 2-attachment closed 2-ceU embedding, the next lemma will 
show that the case shown in Fig. 6 is the only reason to make a face chain not good. 
Lemma 4.6. Let ~e be a 2-attachment closed 2-cell embedding of G in some surface, and 
C = {fl . . . . .  f~} be a simple face chain in ~joining two non-adjacent vertices. I f  there 
are no three consecutive faces f _  1, f and f+ 1, for i = 2, 3, . . . ,  n -1 ,  with the attach- 
ments hown as in Fig. 6, then C is a good face chain. 
Proof. If for each i, all the attachments o f f  and f+ 1 are of the same type, or 0f_ 1 c~0f 
and 0f c~ 0f+ 1 are separated on 0f, then by Lemmas 4.3 and 4.5, C is good at 0f n 0f~+ x, 
and therefore is a good face chain. Hence we may assume that there exist three faces 
J/_x,f~ and f+~ such that 0f_~ n0f  and 0fn0f+~ are alternated on 0f, with both 
0f-1 n0f  and 0fn0f~+l having two connected components, which are of different 
types. 
Assign a local orientation ~b to 0f_ ~, 0f and Of/+ 1 by the following rule: 
Let a be the determined passing attachment from f -2  to f _  1. Again a local 
orientation to 0f_ 1. Start from a and trace the circuit 0f~_ 1 along with the assigned 
orientation. Name the first attachment of f _  x and f by b~, and the second by b2. 
Then assign an orientation to 0f according to the orientation of 0f_ 1 such that bl is 
consistent (hence be is inconsistent). Now start from b~ and trace the circuit Of along 
with the orientation to name the first attachment c~ of f and f+~, and assign an 
orientation to 0f~+ xsuch that cl is consistent (hence c2 is named thereafter, and c2 is an 
inconsistent attachment of f and f÷ 1). The facial walk 0f.÷ 1 is the disjoint union of 
two directed paths, denoted by Pc . . . .  (0f+l) and Pc .... (0f+x), respectively, according to 
the assigned orientation of 0f+ 1. 
x. Zha /Discrete Mathematics 162 (1996) 251-266 261 
If there is an attachment of f+ 1 and f+ 2 on Pc (Of+ 1), say d, then we will show 
that C is good at Of_ l n0 f  and Of~Of+ 1, by using d as a passing attachment from 
f+ 1 to f+ 2. Choose bl as the passing attachment from f_  1 to f ,  and c2 as the passing 
attachment from f to f+ 1. Let F1 and F2 be two resulting faces obtained by applying 
Operation 2.3. Suppose that x ~ 0f~ and y ~ Of.. Assign orientations to 0F1 and 0F2 
such that both orientations are from y to x on the edge xy. Without loss of generality 
we may assume that F1 is the face whose facial walk orientation is along 
the orientation ~b on Of_ 1, and hence F2 is a face whose facial walk orientation is 
against he orientation q5 on 0f_ 1. Since bl is a consistent attachment of f _  1 and f ,  
and the passing attachment from f to f+ l  is c2, it turns out that 0F1 contains 
Ph ..... (?f)wPc,.b:(Of)uPb .... (Of)uPu, c2(Of+I) , and 0Fa contains Pb ..... (Of-1)uPh:,a 
(gf-1)uP,:,b,(Of+l)uP~j(Of+l). Thus C is good at 0f-1 nor  and Ofc~Of+l. 
The remaining case is that all the attachments off+ 1 and f+ 2 are on Pc ..... which is 
the case shown in Fig. 6, and therefore Lemma 4.6 is true. [] 
5. Face chains in the projective plane and the Klein bottle 
In this section we will show that, if the surface is the projective plane or the Klein 
bottle, and the embedding has representatitivity at least 2, then under certain circum- 
stances there exists a good face chain to join any two non-adjacent vertices. 
Lemma 5.1. Let LP be a 2-attachment closed 2-cell embedding of a 2-connected graph 
G in the projective plane P or the M6bius band M. Then for any two non-adjacent 
vertices x and y, there exists a good simple face chain in qJ joining x and y. 
Proof. We will prove the theorem for the case of the projective plane. The proof for 
the case of the MSbius band will be similar, since we may obtain the M6bius band by 
removing a closed disk from the projective plane, which will not affect he face chain 
argument. 
Let x and y be any two non-adjacent vertices. By Lemma 4.6, it suffices to show that 
we can find a simple face chain C = {f~ . . . . .  f,} joining x and y such that the case in 
Fig. 6 will not happen. Suppose 0f_ l c~0f = {b l, b2 } and ~fc~Of+ 1 = {e l ,  C2 }, such 
that bl and b2 (as well as Cl and c2) are of different types, and bl and bz are separated 
by cl and c2 on 0f. Clearly, bl, b2, ¢1 and c2 all are disjoint on 0f, because C is a simple 
face chain. Since both Fb,b2 and Fc,c2 are 1-sided and they intersect once (in the face f), 
by Lemma 3.2, we have the case shown in Fig. 7. It is easy to see that 
A = P -  ~)j=i-l,i,i+l fJ = AIUA2,  with both A1 and A2 homeomorphic to closed 
disks. Any two faces in AI(A2) have at most two attachments, and if two faces have 
two attachments, then the dual circuit of these two attachments is disjoint from Fh,b2, 
and therefore is 2-sided. By Lemma 4.1, these two attachments are of the same type. 
By Lemma 4.3, any face chain in A1 (or Az, respectively) is good. If both x and y are in 
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Fig. 7. 
A1 (or A2), then we can find a good simple face chain in A1 (A2) to join x and y. I fx  is 
in AI and y is in A2, then we can find a good simple face chain C1 = {f~, 1 . . . . .  f~,n2} in 
A1 to join x and ~._ 1, and a good simple face chain C2 = {f2,1 .... , f2, n~} in A2 to join 
y and t~f_ 1. If f~, ~1 (f2 .... respectively) and f _  1 have two attachments, then they are of 
the same type. Thus C1 u f _  1 u C2 is a good simple face chain joining x and y. [] 
Lemma 5.2. Let ~ be a closed 2-cell embedding of G in the projective plane P, and x, y 
be two non-adjacent vertices of G. Let the minimum non-orientable surface of G u { x y } be 
N3. Suppose G u { x y } is 3-connected and has no good 3-vertex separations. Then there is 
a good simple face chain in ~ joining x and y. 
Proof. By Lemma 5.1, it suffices to show that ~ is a 2-attachment closed 2-cell 
embedding. Let f and gbe two faces of ~u. If f and g have more than two attachments, 
then at least two of these attachments are of the same type. By Lemma 4.1, the 
corresponding dual circuit is 2-sided. Since any 2-sided simple closed curve in the 
projective plane is null homotopic, it bounds a disk. Therefore, there is a non-trivial 
2-vertex cut in G. Hence either Gw{xy} is not 3-connected or this 2-vertex cut 
together with x (or y) forms a good 3-vertex separation, a contradiction. Thus any two 
faces have at most two attachments, and ~ is a 2-attachment closed 2-cell embed- 
ding. [] 
The next lemma will show, under certain circumstances, the existence of a good 
face chain which joins two non-adjacent vertices when the surface is the Klein 
bottle. 
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Lemma 5.3. Let T be a 2-attachment closed 2-cell embedding of a 2-connected graph 
G in the Klein bottle. Then for any two non-adjacent vertices x and y, there exists a good 
simple face chain in !P joining x and y. 
Proof. The proof will be similar to the proof of Lemma 5.1. Let x and y be two 
non-adjacent vertices, and C = {fl, ... ,fi} be a simple face chain joining x and y. If 
C is not good, then by Lemma 4.6, there exist three consecutive faces f _  1, f  and 
f+ l  in C with the attachments as in Fig. 6. 
Suppose 0f-1 c~0f = {bl,b2} and afc~Of+l = (c1 ,c2}  , such that bl and b 2 (as well 
as cl and c2) are of different ypes, and bl and b2 are separated by Cl and c2 on Of. 
Since both Fblb2 and Fc,c2 are 1-sided, and they intersect each other once (in the face f), 
by Lemma 3.2, both Fb,b2 and Fc,c2 pass through the same cross-cap in the Klein bottle. 
Therefore A = N 2 - -  Uj=i_ l , i , i+ l~ = AI•A  2 is a disjoint union of A1 and A2, with 
A1 homeomorphic to a closed disk and A2 homeomorphic to a MSbius band (a closed 
disk containing a cross-cap). By Lemma 5.1, any simple face chain in A1 (or A2) is 
good. If both x and y are in A1 (or A2), then we can find a good simple face chain in 
A1 (Az), to join x and y. If x is in A1 and y is in A2, we can find a good simple face 
chain C1 = {fi, 1 . . . . .  f1..1} in A1 to join x and Of_ 1. The faces fl.,, and f _  1 can have 
at most two attachments, and if they have two attachments, these two attachments 
must be of the same type. Let a be an attachment of fi.,, and f _  1. Since A2 w f_  1 is 
also homeomorphic to a MSbius band, by Lemma 5.1, we can find a good simple face 
chain C2 in A2 w f _  1 to join y and a. Because a is disjoint from A2, the face f 1 must 
be the last face in C2. Let C3 = C1 uC2. Since all the attachments of fi,., and f _  l are 
of the same type, by Lemma 4.3, C3 is good at Off,,, ~0f_  i. Thus C3 is a good face 
chain joining x and y. [] 
In order to prove the next lemma, we need the following definitions. 
Let Z be a surface which is not a sphere. A simple closed curve F is non-separating 
(separating) if Z\F  is connected (disconnected). Since a non-contractible simple closed 
curve in a non-orientable surface can be 2-sided non-separating, 2-sided separating, or 
1-sided (which must be non-separating), we have the following definitions. Let 
Pi = min{[FnG(T) l ,  F is a non-contractible /-sided simple closed curve}, i=  1,2. 
Clearly, p(T) = min {pl(T), p2(T)}. 
Lemma 5.4. Let T be a closed 2-cell embedding of G in the Klein bottle Nz, and x, y be 
two non-adjacent vertices of G. Let the minimum non-orientable surface of G w { xy } be 
N4. I f  Gu {xy} is a-connected and has no good a-vertex separations, then Gw {xy} has' 
a closed 2-cell embedding in some surface. 
Proof. I fp(T)  >1 3, then any vertex of G has a wheel-neighborhood, and any two faces 
have at most one attachment. Hence any simple face chain joining x and y is good. 
Therefore we may assume p(T) = 2. 
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Case 1: p2(~) = 2. If there is a non-contractible s parating simple curve F which 
meets G at two vertices, then there must be a good 3-vertex separation in Gw{xy}. 
This contradicts our assumption. Therefore we may assume that there exists a non- 
separating 2-sided simple closed curve F in the Klein bottle which meets G at two 
vertices. Cut the Klein bottle along F and then identify two boundaries in a reversed 
order. The resulting surface is a torus, and we obtain an embedding of G in the torus. 
Therefore Gw{xy} is a doubly toroidal graph. By the result in [14], Gw{xy} has 
a closed 2-cell embedding in some surface. 
Case 2: pl(ku) = 2 and pz(t/j) ~> 3. We claim that any two faces have at most two 
attachments. This is because, if two faces have more than two attachments, then there 
are at least two attachments hat are of the same type, and we have a 2-sided dual 
circuit. This 2-sided dual circuit must be null-homotopic since pz(tP) >~ 3. It turns out 
that Gu  {xy} has a good 3-vertex-separation, which contradicts our assumption. So 
the claim is true. Therefore ~u is a 2-attachment closed 2-cell embedding. By Lemma 
5.3, there is a good simple face chain joining x and y, and hence Gw {xy} has a closed 
2-cell embedding in some surface. [] 
6. Main theorem 
We now prove our main theorem. 
Theorem 6.1. I f  G is a 2-connected 4 cross-cap embeddable graph without loops, then 
G has a closed 2-cell embedding in some surface. 
Corollary 6.2. The above graph has a cycle double cover. 
Proof of Theorem 6.1. By the reductions described in [14], we may assume G is 
simple, 3-connected, and without any good 3-vertex separation. 
Let Nk be the minimum non-orientable surface of G. Since G is 4 cross-cap 
embeddable, k must be 1, 2, 3 or 4. The case ofk = 1 has been solved in [10, 83. We will 
now settle the cases k = 2, 3 and 4. 
Let 7' be an embedding of G in Nk, where Nk is its minimum non-orientable surface. 
Ifp(kU) >~ 2, then 7' is a closed 2-cell embedding. We may assume that p(kU) ¢: 0, since 
Nk is the minimum non-orientable surface of G. Therefore we assume p(~U) = 1. By 
Proposition 2.1, there exists a non-contractible simple closed curve F in Nk which 
intersects G only once. Without loss of generality, we may assume that F intersects 
G at a vertex. By the minimum non-orientable surface assumption, the curve F must 
be 2-sided. (Otherwise we may apply Operation 2.1 to increase the Euler characteristic 
by 1. By the minimum non-orientable surface assumption, the resulting surface must 
be an orientable surface, which is either the sphere or the torus. Therefore G is doubly 
toroidal and the case is settled in [-143). The curve F also must be non-separating since 
G is 3-connected. 
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(1) The minimum non-orientable surface of G is the Klein bottle (N2). Cut N2 along 
F and delete any possible pendant edge. By gluing two disks to two boundaries of this 
cut, we obtain a new graph H embedded in the pendant edge, y is the other end-vertex 
of this edge). H is planar and at least 2-connected. We can obtain an embedding of 
G in the torus, from the embedding of H in the sphere, by adding a new handle to the 
sphere. Hence G is a toroidal graph and this case has been solved in [-14]. 
(2) The minimum non-orientable surface of G is N3. We proceed as we did for 
N2 (cut and glue) and obtain a new embedding ~' of H in the projective plane. Either 
G is equal to the graph Hw{xy} (the case that a pendant edge is deleted), or G is the 
graph obtained by contracting the edge xy in Hw {xy). By Lemma 5.2 there is a good 
simple face chain joining x and y. Since N3 is the minimum non-orientable surface of 
G, x and y are not on the boundary of the same face of 7 j'. Now we apply Operation 
2.3 to this face chain and obtain a closed 2-cell embedding of Hw {xy} = G (need to 
contract he edge xy in the other case). 
(3) The minimum non-orientable surface of G is N4. Cut N4 along F, glue two disks 
to two boundaries of this cut, and obtain a new graph H embedded in the Klein bottle 
or the torus. Name the two counterparts of the cut vertex by x and y. If the resulting 
surface is the torus, then G is a doubly toroidal graph and the theorem is true as was 
solved in [-14]. Hence we assume that the resulting surface is the Klein bottle. If the 
resulting embedding of H in the Klein bottle has representativity 2, by Lemma 5.4, 
Hw{xy)  has a closed 2-cell embedding in some surface. By the minimum non- 
orientable surface assumption, x and y are not on the boundary of the same face of the 
embedding of H in the Klein bottle, we can contract he edge xy, if needed, and the 
resulting embedding is still a closed 2-cell embedding. Therefore G has a closed 2-cell 
embedding. If the embedding of H in the Klein bottle has the representativity 
1 (cannot be zero, by the minimum non-orientable surface assumption), we cut the 
Klein bottle, delete the pendant edge, if any, and obtain a new graph K embedded in
the sphere. Then G must be a doubly toroidal graph since we may obtain a doubly 
toroidal embedding of G by adding two handles to the sphere, and this case was solved 
in [14]. [] 
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